In this letter we complete a previously introduced formalism to study the gauge-invariant metric fluctuations from a noncompact Kaluza-Klein theory of gravity, to study the evolution of the early universe. The evolution of both, metric and inflaton field fluctuations are reciprocally related. We obtain that δρ /ρ b depends on the coupling of Φ with δϕ and the spectral index of its spectrum is 0.9483 < n 1 < 1.
I. INTRODUCTION AND MOTIVATION
The key property of the laws of physics that makes inflation possible is the existence of states of matter that have a high-energy density which cannot be rapidly lowered. In the original version of the inflationary theory [1] , the proposed state was a scalar field in a local minimum of its potential energy function. A similar proposal was advanced by Starobinsky [2] , in which the high-energy density state was achieved by curved space corrections to the energy-momentum tensor of a scalar field. The scalar field state employed in the original version of inflation is called a false vacuum, since the state temporarily acts as if it were the state of lowest possible energy density. Chaotic inflation is driven by a scalar field called inflaton, which in its standard version, is related to a potential with a local minimum or a gently plateau [3] . In this relativistic theory, cosmological perturbations is a cornerstone in our understanding of the early universe as it is indispensable in relating early universe scenarios [4] .
Higher dimensional spacetime is now an active field of activity in both general relativity and particle physics in its attempts to unify gravity with all other forces of nature [5] . These theories include Kaluza-Klein, induced matter, super string supergravity and string.
In these (4 + d)-dimensional models the d-spacelike dimensions are generally spontaneously compactified and the symmetries of this space appear as gauge symmetries of the effective 4D theory. In higher-dimensional theories of gravity with large extra dimensions, the cylinder condition of the old Kaluza-Klein theory is replaced by the conjecture that the ordinary matter and fields are confined to a 4D subspace usually refered to as "3-brane" [6] . Randall and Sundrum showed, for d = 1, that there is no contradiction between Newton's 1/r 2 law of gravity in 4D and the existence of more that 4 noncompact dimensions if the background metric is nonfactorizable [7] . This has motivated a great interest in brane-world models where our 4D universe is embedded in a 5D noncompact spacetime [8] . On the other hand, other noncompact theory is the so called space-time-matter (STM) theory. In STM the conjecture is that the ordinary matter and fields that we observe in 4D result from the geometry of the extra dimension [9] . This paper is devoted to study a 4D de Sitter expansion of the universe from a noncompact Kaluza-Klein (NKK) theory of gravity, taking into account in a consistent manner both, the gauge-invariant scalar metric and inflaton field fluctuations. It was done, but in a partial manner, in a previous work [10] .
II. REVIEW AND EXTENSION OF THE FORMALISM
In the framework of a NKK theory we shall consider an action for a scalar field ϕ, which is minimally coupled to gravity on a 5D manifold
where
p is the gravitational constant and M p = 1. 2 10 19 GeV is the Planckian mass. To describe a manifold in apparent vacuum we shall consider a Lagrangian density L in (1), which is only kinetic
Here, A, B can take the values 0, 1, 2, 3, 4 and the perturbed line element dS
is given by
Furthermore, the fields Φ, Ψ and Q are functions of the coordinates [N, r(x, y, z), ψ], where N, x, y, z are dimensionless and ψ has spatial units. On the other hand, the Ricci scalar
In this paper we shall consider the background canonical metric [11] 
which is 3D spatially isotropic, homogeneous and flat [12] . Furthermore, it is globally flat (i.e.,R A BCD = 0). This background metric describes an apparent vacuum, becauseḠ AB = 0.
For the metric (4),
is the absolute value for the determinant ofḡ AB and | . In order to describe scalar metric fluctuations we must consider a symmetric energymomentum tensor. In a longitudinal gauge this restriction implies that Ψ = Φ and Q = 2Φ, so that the line element (3) now is given by [10] 
where the field Φ(N, r, ψ) is the scalar metric perturbation of the background 5D metric (4). On the other hand, the contravariant metric tensor, after a Φ-first order approximation, is given by
which can be written as g AB =ḡ AB + δg AB , beingḡ AB the contravariant background metric tensor.
The Lagrange equations for ϕ and Φ are
We can use the semiclassical approximation: ϕ(N, r, ψ) = ϕ b (N, ψ) + δϕ(N, r, ψ), where ϕ b is the solution of eq. (6) in absense of the inflaton and metric fluctuations [i.e., for Φ = δϕ = 0]. Hence, the Lagrange equations (we use a linear approximation on δϕ and Φ) for ϕ b and δϕ are
Furthermore, the equation (7) in absence of the fluctuations Φ and δϕ are
On the other hand we can write the first order Einstein's equations on the 5D manifold. For the diagonal terms: δG AA = −8πGδT AA , we have
that correspond to the components NN, rr and ψψ, respectively. Using the equations (11), (12) and (13), we obtain
which, with the eq. (10), holds
This equation was obtained in [10] , and describe the evolution for the 5D scalar metric fluctuations Φ(N, r, ψ).
A. Normalization of Φ in 5D
We consider the following separation of the 5D metric fluctuations: Φ(N, r, ψ) ∼ Φ 1 (N)Φ 2 ( r)Φ 3 (ψ). The equation (15) can be rewritten as three differential equations
where k 2 ψ ψ 2 is a positive dimensionless constant.
Now we consider the transformation Φ(N, r, ψ) = e −3N/2 ψ ψ 0 χ(N, r). This transformation also can be physically justified in the sense that we can make observations on any hypersurface with constant ψ. The equation of motion for χ is
where χ can be written as a Fourier expansion
such that the asterisk denotes the complex conjugate and (a k R k ψ , a † k R k ψ ) are, respectively, the annhilation and creation operators
The equation of motion for the N-dependent modes ξ krk ψ is
with a general solution
where ν = √ 2k ψ ψ is a constant and x(N) = k r e −N . Using the generalized Bunch-Davies vacuum [13] , we obtain
which are the normalized N-dependent modes of χ.
B. Inflaton field fluctuations from gauge-invariant metric fluctuations
Once we know Φ from eq. (15) we must calculate the inflaton field fluctuations from the equation (9) . To make it, firstly, we must solve the equation for the background inflaton field ϕ b (8). If we propose that ϕ b (N, ψ) = ϕ 1 (N)ϕ 2 (ψ), we obtain the following equations
where M 2 is a constant of integration. The solution for these equations are
where (A 1 , A 2 , B 1 , B 2 ) are constants of integration. From the second equation in (24), we obtain
which means that the eq. (9) can be written as
Using the fact that δϕ(N, r, ψ) = e −3N/2 ψ 0 ψ 2 φ(N, r) and Φ(N, r, ψ) = ψ ψ 0 χ(N, r), we obtain that the eq. (28) only is consistent for M = 0. Hence, if we require that ϕ b to be consistent with (10), the solution for ϕ b holds
where ϕ (0)
Hence the equation (28) rewritten in terms of the new fields φ and χ becomes
where φ(N, r) can be expanded as
Therefore, the N-dependent modes, Σ krk ψ (N) and ξ krk ψ (N), of the respectives fields φ(N, r) and χ(N, r), will be related by the differential equation
The general solution for the eq. (32) is
where (α 1 , α 2 ) are constants of integration, µ = √
and x(N) = k r e −N . To normalizate the solution (33), we can take only the homogeneous solution, such that for a generalized Bunch-Davies vacuum [13] , we obtain[see also [10] ]: α 1 = 0 and α 2 = i 4 π .
III. EFFECTIVE 4D DE SITTER EXPANSION
In this section we shall study the effective 4D dynamics in a de Sitter expansion of both, the metric and the inflaton field fluctuations, which are reciprocally related.
A. Effective 4D metric
To study the dynamics of the system on an effective 4D de Sitter expansion, we shall consider the transformation [10] 
With this transformation the 5D background metric (4) becomes
which is known as the Ponce de Leon metric [14] . It describes a 3D spatially flat, isotropic and homogeneous extended (to 5D) Friedmann-Robertson-Walker metric in a de Sitter expansion. Furthermore, t is the cosmic time and
The metric (35) is a special case of the separable models studied by him, and is an example of the muchstudied class of canonical metrics dS 2 = ψ 2 g µν dX µ dX ν − dψ 2 [15] . To obtain an effective 4D dynamics we can take a foliation ψ = ψ 0 in the metric (35)
This effective 4D metric describes a 4D expansion of a 3D spatially flat, isotropic and homogeneous universe that expands with a constant Hubble parameter H = 1/ψ 0 and a 4D scalar curvature (4) R = 12H 2 . Furthermore, the background energy density is given by
On the other hand, the effective 4D metric of (5) on hypersurfaces ψ = 1/H, is
where the metric (38) describes the perturbed 4D de Sitter expansion of the universe and Φ( R, t) is gauge-invariant. The 4D dynamics of the gauge-invariant scalar metric fluctuations Φ( R, t) in a background de Sitter expansion is given by [see eq. (15) with (34), for ψ = ψ 0 = 1/H]
Φ. If we take the transformation χ( R, t) = e 3Ht/2 Φ( R, t), we obtain the following equation of motion for χ
where χ( R, t) can be expanded as
and the dynamics of the time dependent modes ξ k R k ψ 0 (t) is given by the differential equation
which, if we use the Bunch-Davies vacuum [13] , has the following solution
and y(t) =
. The field φ( R, t) can be expanded in a similar manner than χ( R, t) in (41).
Once we know the modes ξ k R k ψ 0 (t), we can study the dynamics for the modes Σ k R k ψ 0 (t) for a de Sitter expansion. If we take into account the transformations (34), the equation (32) assume the form
where y(t) = 
B. Energy density fluctuations and spectrum
In order to make an analysis for the amplitude of the energy density fluctuations and its spectrum we must calculate δρ =ḡ
After make a semiclassical approximation for ϕ, we obtain
Hence, the expectation value for δρ will be (we assume the commutation relation [Φ, δϕ] = 0)
where Φδϕ =
(t). On the infrared sector (i.e., for k R ≪ k H = He Ht ), we obtain
where ǫ ≪ 1 is a dimensionless parameter. Note that (47) takes into account both, the metric and inflaton fluctuations during an effective 4D de Sitter expansion. The relative amplitude for the energy density fluctuations are δρ /ρ b , where ρ b is the background energy density for a de Sitter expansion given by the eq. (37). To analize the spectrum of δρ /ρ b on cosmological scales we can make use of the result obtained in a previous work [10] , from the experimental data [16] , for the energy perturbation spectral index n s = 4− 9 + 16k
The spectral index n 1 = 3 − µ − λ will be 0.9483 < n 1 < 1,
which is almost scale invariant as the spectrum of Φ 2 . In the figures (1) and (2) (continuous lines), for k ψ 0 /H = 0.00015 and k ψ 0 /H = 0.15, respectively. Notice that δρ /ρ b becomes more important on astrophysical scales (i.e., when we increase ǫ) in both figures. This term has its physical origin in the coupling of inflaton and metric fluctuations.
IV. FINAL COMMENTS
In this paper we have studied the dynamics of 4D gauge-invariant metric fluctuations which are reciprocally related to inflaton field fluctuations from a 5D vacuum state. This topic was examined also in [17] , buth in a rather different setting. In particular, we have examined these fluctuations in an effective 4D de Sitter expansion for the universe using a first-order expansion for the metric tensor. It was done in a previous work, but in a partial manner, due to in the paper [10] do not was considered the dynamics of the inflaton field fluctuations δϕ reciprocally related to the gauge-invariant metric fluctuations Φ. In the complete approach here developed, we require that the spectrum of Φ 2 to be nearly scale invariant, in agreement with the experimental data [16] . Once obtained the cut (48) for k ψ 0 /H, it is possible to find the power of the spectrum for δρ /ρ b [see the cut for n 1 in eq. (49)]. We obtain that δρ /ρ b take values of the order of 10 −5 for H ≃ 10 −2 M p and ϕ 0 ≃ 0.25 M p . This is very interesting because the background inflaton field take sub Planckian values. The consequences of this complete approach are very important, because we find that the spectrum of δρ /ρ b ∼ Φδϕ now depends on the coupling of Φ with δϕ. Moreover, this spectrum is almost scale invariant, as the spectrum of Φ 2 . 
